We present a tetrad-based method for solving the Einstein field equations for sphericallysymmetric systems and compare it with the widely-used Lemaître-Tolman-Bondi (LTB) model. In particular, we focus on the issues of gauge ambiguity and the use of comoving versus 'physical' coordinate systems. We also clarify the correspondences between the two approaches, and illustrate their differences by applying them to the classic examples of the Schwarzschild and FriedmannRobertson-Walker spacetimes. We demonstrate that the tetrad-based method does not suffer from the gauge freedoms inherent to the LTB model, naturally accommodates non-zero pressure and has a more transparent physical interpretation. We further apply our tetrad-based method to a generalised form of 'Swiss cheese' model, which consists of an interior spherical region surrounded by a spherical shell of vacuum that is embedded in an exterior background universe. In general, we allow the fluid in the interior and exterior regions to support pressure, and do not demand that the interior region be compensated. We pay particular attention to the form of the solution in the intervening vacuum region and verify the validity of Birkhoff's theorem at both the metric and tetrad level. We then reconsider critically the original theoretical arguments underlying the so-called R h = ct cosmological model, which has recently received considerable attention. These considerations in turn illustrate the interesting behaviour of a number of 'horizons' in general cosmological models.
I. INTRODUCTION
Spherically-symmetric solutions in general relativity are of fundamental importance to the study of compact objects, black holes and cosmology. Indeed, two of the oldest and most commonly studied exact solutions of Einstein's field equations are spherically symmetric: the Schwarzschild metric [1] describes the gravitational field outside a static spherical massive body, and the Friedmann-Robertson-Walker (FRW) metric [2] [3] [4] [5] [6] [7] [8] describes a homogeneous and isotropic universe in terms of the evolution of its scale factor with cosmic time. Moreover, it was not long before McVittie [9, 10] combined the Schwarzschild and FRW metrics to produce a new spherically-symmetric solution that describes a point mass embedded in an expanding universe, although there still remains some debate regarding its physical interpretation [11, 12] .
Subsequently, there have been numerous studies of the general-relativistic dynamics of self-gravitating spherical systems. For example, Misner, Thorne & Wheeler [13] describe the spherically-symmetric collapse of a 'ball of dust' having uniform density and zero pressure that is embedded in a static vacuum exterior spacetime, and later generalise their results to incorporate pressure internal to the object. By contrast, 'Swiss cheese' models [14] consider an exterior expanding FRW universe, albeit pressureless, in which a uniform pressureless spherical object is embedded and surrounded by a 'compensating void' that itself expands into the background and ensures that there is no net gravitational effect on the exterior universe.
A more realistic description than the Swiss cheese models is provided by models based on the Lemaître-TolmanBondi (LTB) solution [15] [16] [17] . Such models can incorporate an arbitrary (usually continuous) density profile for the central object, which is usually not compensated but can be made so by an appropriate choice of initial radial density and velocity profiles. Nonetheless, these models again assume both the interior and exterior regions to be pressureless, although the LTB solution has recently been extended in [18] to describe a central object with pressure embedded in a static vacuum exterior, and in [19] to accommodate cosmological models with uniform pressure.
A recent resurgence of interest in Swiss cheese and LTB models has been prompted by the possibility that they may provide an explanation for observations of the acceleration of the universal expansion, without invoking dark energy. This might occur if we, as observers, reside in a part of the universe that happens to be expanding faster than the region exterior to it. By observing a source in the exterior region, one would then measure an apparent acceleration of the universe's expansion, but this would be only a local effect. The effects of local inhomogeneities on the apparent acceleration of the universe have been widely studied [20] [21] [22] [23] [24] , and have been linked with the observations of distant Type-Ia supernova. In addition, LTB models have been used to study the effects of inhomogeneities on observed cosmological parameters, such as the Hubble constant [25] [26] [27] , and to calculate effects of a void as a possible explanation for the cold spot in the cosmic microwave background (CMB) [28, 29] .
The LTB model does, however, have some limitations. In addition to the usual restriction to pressureless systems, the LTB model is typically expressed in comoving coordinates and thus provides a Lagrangian picture of the fluid evolution that can be difficult to interpret. More importantly, the LTB metric contains a residual gauge freedom that necessitates the imposition of arbitrary initial conditions to determine the system evolution.
As a consequence, we have for some time adopted a different, tetrad-based method for solving the Einstein field equations for spherically-symmetric systems. The method was originally presented in [30] in the language of geometric algebra, and was recently re-expressed in more traditional tetrad notation in [31, 32] . The advantages of the approach are that it can straightforwardly accommodate pressure, has no gauge ambiguities (except in vacuum regions, as we shall discuss later) and is expressed in terms of a 'physical' (non-comoving) radial coordinate. As a result, in contrast to the LTB model, the method has a clear and intuitive physical interpretation. Indeed, the gauge choices employed result in equations that are essentially Newtonian in form.
In [33, 34] , we applied the method to modelling the evolution of a finite-size, spherically-symmetric object with continuous radial density and velocity profiles that is embedded in an expanding background universe (either spatially-flat, open or closed) and compensated so that it does not exert any gravitational influence on the exterior universe; the fluid was assumed to be pressureless throughout. In [31] , we used the method to obtain solutions describing a point mass residing in either a spatially-flat, open or closed expanding universe containing a cosmological fluid with pressure. In the spatiallyflat case, a simple coordinate transformation relates our solution to the corresponding one derived by McVittie, but for spatially-curved cosmologies our metrics differ from the corresponding McVittie metrics, and we believe the latter to be incorrect. In [32] , we extended this study by applying the tetrad-based approach to obtain the solution describing the evolution of a finite spherical region of uniform interior density that is embedded in a background of uniform exterior density, where the fluid in both regions can support pressure and the expansion (or contraction) rates of the two regions are expressed in terms of interior and exterior Hubble parameters that are, in general, independent. We also derived a generalised form of the Oppenheimer-Volkov equation, valid for general time-dependent, spherically-symmetric systems.
In this paper, we present a comparison of our tetradbased methodology with the LTB model for solving the Einstein field equations for spherically-symmetric systems. In particular, we focus on the issues of gauge ambiguity and the use of comoving versus 'physical' coordinate systems. We also clarify the correspondences, where they exist, between the two approaches. In addition, we extend the analysis presented in [32] by applying our tetrad-based method to a generalised form of 'Swiss cheese' model, which consists of an interior spherical region surrounded by a spherical shell of vacuum that is embedded in an exterior background universe. In general, we allow the fluid in the interior and exterior regions to support pressure, and we demand neither that the interior region be compensated, nor that the interior and exterior regions be uniform. Nonetheless, our principal focus is the case in which the fluid in the interior and exterior regions has uniform (although, in general, different) densities. In particular, we pay special attention to the form of the solution in the intervening vacuum region and verify the validity of Birkhoff's theorem, the usual interpretation of which has recently been brought in question [35] . This investigation allows us to reconsider critically the original theoretical arguments underlying the so-called R h = ct cosmological model [36] , which has recently received considerable attention. These considerations in turn elucidate the behaviour of a number of 'horizons' during the general-relativistic evolution of a spherically-symmetric self-gravitating matter distribution, which does not appear to have been widely discussed in the literature.
The structure of this paper is as follows. In Section II, we outline our tetrad-based approach to solving the Einstein equations. In Section III we compare our approach to the more commonly-used LTB model. We apply our tetrad-based method to describe the evolution of a generalised form of 'Swiss cheese' model in Section IV and investigate the validity of Birkhoff's theorem in its vacuum region in Section V. We discuss the R h = ct cosmology in Section VI and describe the generic evolution of a number of cosmological 'horizons' in Section VII. Finally, we present our conclusions in Section VIII. We adopt natural units c = G = 1 throughout.
II. TETRAD-BASED SOLUTION FOR SPHERICAL SYSTEMS
In a Riemannian spacetime in which events are labelled with a set of coordinates x µ , each point has the corresponding coordinate basis vectors e µ , related to the metric via e µ · e ν = g µν . At each point we may also define a local Lorentz frame by another set of orthogonal basis vectorsê a (Roman indices), which are not derived from any coordinate system and are related to the Minkowski metric η ab = diag(1, −1, −1, −1) viaê a ·ê b = η ab . One can describe a vector v at any point in terms of its components in either basis: for example v µ = v · e µ and v a = v ·ê a . The relationship between the two sets of basis vectors is defined in terms of tetrads, or vierbeins e a µ , where the inverse is denoted e a µ :
e a = e a µ e µ , e µ = e a µêa .
It is not difficult to show that the metric elements are given in terms of the tetrads by g µν = η ab e a µ e b ν . The local Lorentz frames at each point define a family of ideal observers whose worldlines are the integral curves of the timelike unit vector fieldê 0 . Along a given worldline, the three spacelike unit vector fieldsê i (i = 1, 2, 3) specify the spatial triad carried by the corresponding observer. The triad may be thought of as defining the orthogonal spatial coordinate axes of a local laboratory frame that is valid very near the observer's worldline. In general, the worldlines need not be time-like geodesics, and hence the observers may be accelerating.
The Einstein-Hilbert action for general relativity is invariant under general coordinate transformations and local rotations of the Lorentz frames, which together constitute the gauge freedoms at our disposal. For a spherically-symmetric system, we start by introducing a set of spherical polar coordinates [x µ ] = (t, r, θ, φ) and their corresponding coordinate basis vectors e µ (µ = 0, 1, 2, 3). We first demand that (minus) the angular part of the line-element ds 2 = g µν dx µ dx ν has the form r 2 dΩ 2 , where
Aside from trivial spatial rotations of the coordinates, which leave the description of the spherically-symmetric system unchanged, this choice absorbs the gauge freedoms associated with transformations of the r, θ and φ coordinates, and in particular lifts r from the status of an arbitrary radial coordinate to a quantity that is, in principle, physically measurable. It is a 'physical' (non-comoving) coordinate for which the proper area of a sphere of radius r is 4πr
2 . The next step is to determine the general form of the tetrad e a µ that is consistent with spherical symmetry and this choice of coordinates. One immediately requires that, in (1), the coordinate basis vector pairs {e 0 , e 1 } and {e 2 , e 3 } decouple. Moreover, one can perform local rotations of the Lorentz frames to alignê 2 andê 3 with the coordinate basis vectors e 2 and e 3 at each point. Consequently, the tetrad components e a µ may be written in terms of four unknown functions, which we denote by f 1 (r, t), f 2 (r, t), g 1 (r, t) and g 2 (r, t). Note that dependencies on both r and t will often be suppressed in the equations presented below, whereas we will usually make explicit dependency on either r and t alone. In particular, we may take the non-zero tetrad components and their inverses to be 
Our remaining gauge freedoms lie in the ability to transform to a new time coordinate, which may be a function of t and r, and in performing local rotations of the Lorentz frames in the (ê 0 ,ê 1 )-hyperplane (corresponding to a Lorentz boost in the radial direction at each point). The former possibility gives us complete freedom in the choice of the function f 2 , and the greatest simplification of the tetrad components (2) is obtained by setting f 2 ≡ 0, which we call the Newtonian gauge because it allows simple Newtonian interpretations of the dynamics, as we shall see. In this gauge, the metric coefficients derived from the tetrad components lead to the line-element
Finally, the remaining gauge freedom (which leaves the line-element unchanged) can be employed (at least in non-vacuum regions) to choose the timelike unit frame vectorê 0 at each point to coincide with the four-velocity of the fluid at that point. Thus, by construction, the four-velocity v of a fluid particle (or an observer comoving with the fluid) has components [v a ] = [1, 0, 0, 0] in the tetrad frame. Since v µ = e µ av a , the four-velocity may be written in terms of the tetrad components and the coordinate basis vectors as v = f 1 e 0 + g 2 e 1 . Thus, the components of a comoving observer's four-velocity in the coordinate basis are simply
, where dots denote differentiation with respect to the observer's proper time τ .
As a consequence of this final gauge choice, it is convenient to define the two linear differential operators
We may identify L t as the derivative with respect to the proper time of a comoving observer, since L t = t∂ t +ṙ∂ r = d/dτ , and similarly one may show that L r coincides with the derivative with respect to the radial proper distance of a comoving observer. Moreover, since g 2 is the rate of change of the r coordinate of a fluid particle with respect to its proper time, it can be physically interpreted as the fluid velocity. We will therefore, in general, use g 2 and v interchangeably in our analysis. It is also convenient to introduce explicitly the spinconnection coefficients F ≡ ω 0 11 and G ≡ ω 1 00 , as described in [31] , which are both, in general, functions of t and r. Since we are assuming standard general relativity, however, for which torsion vanishes, the spin-connection coefficients can be written entirely in terms of the tetrad components and their derivatives. For the torsion to vanish and for the resulting Riemann tensor to satisfy its Bianchi identity, the spin-connection coefficients F and G and the non-zero tetrad components f 1 , g 1 and g 2 must satisfy the relationships
where the explicit solution for f 1 contains no arbitrary function of t, because one can always be absorbed by a further t-dependent rescaling of the time coordinate (which does not change f 2 ). For matter in the form of a perfect fluid with proper density ρ and isotropic rest-frame pressure p, the Einstein field equations and the contracted Bianchi identities lead to the following system 1 of dynamical and continuity equations [30] 
where we have defined the function of t and r (in general)
and Λ is the cosmological constant. The physical interpretation of the functions F , G and M is straightforward. As shown in [31] , for an object in general radial motion (not necessarily co-moving with the fluid) with four-velocity components [û a ] = [û 0 ,û 1 , 0, 0] in the tetrad frame, the corresponding components of the object's four-acceleration arê
and its proper acceleration is α = −â bâ b , which provides a physical interpretation of the functions F and G.
In particular, for the special case in which the object is co-moving with the fluid, one has [
Thus the proper acceleration of a fluid particle is α = G in the radial direction. Indeed, the L r p-equation in (6) shows that, in the absence of a pressure gradient, G vanishes and so the motion becomes geodesic. The physical interpretation of the function M can be obtained from the forms of the equations in (6) in which it appears. In particular, the L r M -equation can be written simply as ∂ r M = 4πr 2 ρ, which shows that M plays the role of an intrinsic mass that is determined by the amount of mass-energy in a sphere of radius r.
The equations (5)- (7) thus have clear physical interpretations and contain no residual gauge freedom (in non-vacuum regions). In particular, given an equation of state p = p(ρ), and initial data in the form of the density ρ(r, t 0 ) and the velocity g 2 (r, t 0 ), the future evolution of the system is fully determined. This is because ρ determines p and M on a time slice and the definition of M then determines g 1 . The equations for L r g 2 , L r p and L r f 1 then determine the remaining information, namely F , G and f 1 respectively, on the time slice. Finally, the L t ρ equation and L t M equation (together with the definition of M ) enable one to propagate ρ and g 2 , respectively, to the next time slice and the repeat the process. The equations can thus be implemented numerically as a simple set of first-order update equations. This approach was illustrated in [30, 33, 34 ].
An alternative way of solving the system of equations (5)- (7), which was employed in [31, 32, 37] , is not to impose an equation of state, but instead specify a form for ρ(r, t) for all t or, equivalently, a form for M (r, t) followed by use of the L r M . In general, the remaining equations need to be solved as a set of coupled PDEs. Nonetheless, as shown in [31, 32, 37] , if ρ(r, t) is piecewise uniform in r, then one may combine the L t ρ, L t M and L r M equations to obtain an ODE in r that may be solved to obtain an expression for the fluid velocity g 2 (r, t) and hence F (r, t), albeit with each containing a time-dependent 'constant' of integration, and the definition of M then determines g 1 (r, t). One may then obtain the fluid pressure p(r, t) by first using the L t M equation to eliminate f 1 from the L r p equation, which then yields the 'generalised Oppenheimer-Volkov' equation [32] 
1 In [30] , two further equations are given, namely
Λr − 4πrρ and
Λr − 4πrp, but these may be derived from the LrM and LtM equations, respectively, in combination with the definition of M given in (7).
This equation is, in fact, valid for any sphericallysymmetric perfect fluid system and reduces to the standard Oppenheimer-Volkov equation with a cosmological constant [38, 39] for a static spherically-symmetric system. After solving (9) for p(r, t), which requires the imposition of a boundary condition on the pressure at some radius, one may complete the solution either by obtaining f 1 (r, t) from the L t ρ equation and hence G(r, t) from any other equation that contains it, or by obtaining G(r, t) from the L r p equation and then f 1 (r, t) from the L r f 1 equation.
Finally, although the system of equations (5)- (7) accommodates non-zero pressure, it is worth considering briefly the special case of a pressureless fluid. In this case, the L r p equation forces G to vanish, so the motion of the fluid particles becomes geodesic and the L r f 1 equation forces f 1 = 1. Consequently, the components in the coordinate basis of the four-velocity of a fluid particle
, where dots denote differentiation with respect to the particle's proper time τ . Sinceṫ = 1, the coordinate time matches the proper time of all observers comoving with the fluid. Hence the Newtonian gauge is a synchronous one: a global 'Newtonian' time is recovered on which all comoving observers agree (provided all clocks are synchronised initially)
2 . Furthermore, combining the L t M equation and the definition of
Λr, which has the form of the Euler equation in Newtonian fluid dynamics (recalling that g 2 is the fluid velocity v). Finally, setting Λ = 0 for a moment, the definition of M can itself be rearranged to give 
A. Application to Schwarzschild spacetime
As an illustration of our approach, we now apply it to the special case in which the matter source is concentrated at the single point r = 0 and the cosmological constant vanishes (see also [30] ). For such a solution, ρ = p = 0 everywhere away from the origin and so L r M = 0 and L t M = 0, which together imply M = constant. Retaining the symbol M for this constant, one finds that the system of equations (5)- (7) reduces just to the relationships (5) between the tetrad and spin-connection components and the definition of M in (7) (with Λ ≡ 0); no further equations yield new information.
We therefore have an under-determined system of equations and so some additional gauge-fixing is required to determine an explicit solution. This occurs because in the final part of our gauge-fixing procedure described above, one chooses the timelike unit Lorentz frame vector at each point to coincide with the fluid four-velocity at that point, which clearly cannot be performed in a vacuum region. Nonetheless, one may instead choose the timelike unit frame vector to coincide with the fourvelocity u of some radially-moving test particle (which need not necessarily be in free-fall), so that its components in the tetrad frame are [û a ] = [1, 0, 0, 0] and hence in the coordinate basis one has [ 
, 0], as previously. This ensures that our previous physical interpretations of the tetrad and spin-connection components still hold. It remains, however, to choose a particular class of radially-moving test particle, and the simplest and most natural choice is a radially free-falling particle that was released from rest at r = ∞. From the definition (7) of M (with Λ ≡ 0), one sees that g 1 corresponds to the total energy per unit rest mass of an infalling particle, and so for a particle released from rest at infinity one should adopt the gauge condition g 1 = 1. It is then a simple matter to obtain expressions for the remaining tetrad components and spin-connection coefficients. The resulting non-zero tetrad components are
and the spin-connection coefficients F and G read
We note that the condition G = 0 is clearly consistent with the geodesic motion of the test particles. The line-element (3) corresponding to the tetrad components (10) is given by
which we recognise as the Schwarzschild spacetime lineelement expressed in terms of Painlevé-Gullstrand coordinates [40, 41] . This coordinate system has a number of desirable features. For example, the line-element is regular for all positive values of r and the spacelike hypersurfaces t = constant have Euclidean geometry. Moreover, from (10), the non-zero components of the four-velocity of a particle released from rest at infinity are immediatelẏ
and so we recover an essentially Newtonian description of the motion. In particular, we see that t coincides with the proper time of such particles. It is also of interest to consider briefly how to recover the standard form of the Schwarzschild line-element in Schwarzschild coordinates. This may be achieved by fixing the gauge by instead choosing the preferred class of test particle to have fixed spatial coordinates, in particularṙ = 0, which immediately requires g 2 = 0. It is then straightforward to obtain the remaining tetrad components and spin-connection coefficients. One thus finds
and the spin-connection coefficients F and G are
We note that G = 0 is consistent with non-geodesic motion of the test particles. Moreover, the corresponding line-element (3) then takes the standard Schwarzschild form
There exists a subtlety in the presence of a horizon, however, since it is not possible inside it for a test particle to remain at fixed spatial coordinates, and hence one cannot have g 2 = 0. This is discussed in detail in [30] , where it is shown that the presence of a horizon is related to the onset of time-reversal asymmetry not easily identified using a wholly metric-based approach.
B. Application to FRW spacetime
As a second illustration of our approach, we apply it to the special case of a homogeneous and isotropic spacetime, as assumed in cosmology. This corresponds to setting ρ and p to be functions of t only. First we note that, unlike the Schwarzschild spacetime, there are no vacuum regions, and so no additional gauge-fixing will be required. It follows immediately from the L r p equation that G = 0 and then the L r f 1 equation implies f 1 = 1. Since ρ is spatially uniform, one requires M (r, t) = 4 3 πr 3 ρ, which is consistent with the L r M equation. The L t M and L t ρ equations now jointly lead to the two conditions
but the first condition can only be consistent with L r g 2 equation if F = H(t) and g 2 = rH(t). Finally, we obtain g 1 by first substituting the above expression for M into (7) and differentiating the result with respect to r to obtain the equation L r g 1 = (g 2 1 − 1)/r, which may solved to yield g
Thus, gathering our results together, the non-zero tetrad components are given by
where k is an arbitrary constant of integration, and the spin-connection coefficients F and G are
We note that the condition G = 0 demonstrates that the fluid particles move geodesically, since there are no pressure gradients. Moreover, on substituting the above results into (18) and the expression (7) for M , one obtains
Finally, differentiating (22) with respect to t and using (21) , one also obtains the further (although clearly not independent) dynamical equation
which we recognise as the standard 'acceleration' cosmological field equation expressed in terms of the Hubble parameter H(t). Indeed, from (19) , the non-zero components of the four-velocity of a fluid particle are immediatelyṫ
which both verifies that t coincides with proper time of such particles and recovers Hubble's law. Thus, our approach has led us to work directly with H(t), which is an intrinsic and measurable quantity, rather than the more usual scale factor, which we will denote by S(t). Nonetheless, we can make contact with the latter simply by setting H(t) ≡ ∂ t S(t)/S(t), in which case g
The line-element (3) corresponding to the tetrad components (19) then reads
and the dynamical equations (22) and (23) become
which we recognise as Friedmann's cosmological field equations in their standard form. The line-element (25) represents the FRW spacetime expressed in terms of a 'physical' (i.e. non-comoving) radial coordinate r. We may rewrite this line-element in terms of a comoving radial coordinater ≡ r/S(t), which yields the usual form
III. COMPARISON WITH LTB MODEL
In contrast to our tetrad-based approach, the LTB model [15] [16] [17] is based on the use of a comoving radial coordinate, which we denote byr, and the assumption of a diagonal form for the metric. It is also usual to choose the time coordinate, which we denote byt, to coincide with the proper time measured by observers comoving with the fluid, but for the moment we will consider a slightly more general version of the LTB metric in which this requirement is not enforced. Thus, we consider a line element of the form
where, in general, A, B and R may be arbitrary functions of bothr andt. Note that the standard form of the LTB metric corresponds to setting A = 1. We may understand the relationship between the lineelement (29) and that given in (3), obtained using our tetrad-based approach, by performing a coordinate transformation that expresses the latter in terms of a comoving radial coordinate and brings it into diagonal form. We therefore consider the coordinate transformation t =t, r = r(r,t), where
Note that, although the time coordinates coincide, we still label the new one ast, since the partial derivatives ∂/∂t and ∂/∂t will, in general, be different because they hold fixed r andr, respectively. One may verify thatr is a comoving radial coordinate by recalling that the fourvelocity components of a comoving observer in the Newtonian gauge are [
. The physical nature of the transformation (30) may be further clarified by noting that
where L t , defined in (4) , is the derivative with respect to the proper time of a comoving observer; indeed this is consistent with our finding above thatṫ = f 1 . Since L t may be considered as a relativistic form of convective derivative, one may interpret the transformation (30) as moving from a Eulerian to a Lagrangian description of the fluid motion. Similarly, one finds that
where L r , also defined in (4) , is the derivative with respect to the proper radial distance of a comoving observer.
Under the transformation (30) to a comoving radial coordinate, the line-element (3) takes the diagonal form
One should first note that this has been achieved without having to specify ∂r/∂r; this demonstrates that the (generalised) LTB metric (29) possesses a residual gauge freedom, in contrast to the line-element (3) (recall that the final gauge choice made in Section II leaves the form of (3) unchanged).
Comparing (29) and (33), one first identifies that r = R(r,t) and hence the three non-zero tetrad components used in Section II are given by
where the final result is obtained using (30) . The expressions for the spin-connection coefficients F and G are obtained from the relations (5) and read
Substituting the expressions (34) and (35) into the dynamical and continuity equations (6), one then obtains
where the expression for M in (7) now becomes
The assumed form (29) of the line-element and the system of equations (36)- (40) constitute a generalised form of the LTB model that can accommodate pressure and a non-zero cosmological constant. Nonetheless, unlike the tetrad-based approach, this model still possesses a gauge freedom, since ∂rR remains arbitrary. Thus, to determine the evolution of the system, one must first choose a form for the function R(r,t * ) at some timet * (usually given as an initial condition), which is not easily interpreted physically.
To make contact with the standard LTB model, we may now set A = 1 in the line-element (29) , so thatt coincides with the proper time measured by observers comoving with the fluid. Hence, like the Newtonian gauge, the standard LTB model employs a synchronous coordinate system. In terms of the tetrad components (34) and spin-connection coefficients (35) , setting A = 1 corresponds to setting f 1 = 1 and G = 0, and hence (31) shows that the operators ∂t and L t then coincide. Thus, from the L t g 1 equation in (5) one finds that g 1 = g 1 (r) is a function only ofr. Using the expression for g 1 in (34) and adopting the standard notation used in LTB models, we therefore define the function E(r) by
which we may choose arbitrarily provided that E(r) > − 1 2 . It is also immediately clear from (36) that setting A = 1 requires the pressure gradient to vanish. Thus, the standard LTB line-element can at best accommodate a fluid with a non-zero homogeneous pressure. It is usual, however, to assume simply that the fluid is pressureless, in which case (39) shows that M = M (r) is a function only ofr. Given our earlier interpretation of M in the tetrad-based approach, one may thus verify the usual interpretation of M (r) in the LTB model as the massenergy interior to a sphere of comoving radial coordinatê r, which is naturally time-independent in the absence of pressure.
Collecting together our results, setting A = 1 in (29) and assuming a pressureless fluid thus imply that equations (41), (40) and (37) may be written, respectively, as
which we recognise as the standard equations for the LTB model (with the inclusion of a non-zero cosmological constant), where M (r) and E(r) may be chosen arbitrarily (subject to M (r) > 0 and E(r) > − 1 2 ). Indeed, since the first equation in the set may be written as E(r) = 1 2 [g 1 (r) − 1], our approach also allows us to verify the usual interpretation of E(r) as the total (nonrelativistic) energy per unit rest mass of a fluid particle (i.e. after subtracting its rest mass energy) at comoving coordinate radiusr. In addition to the usual set of equations (42)- (44), our approach also naturally yields the continuity equation (38) , which originates from the contracted Bianchi identities, and in this case reduces to
Finally, it is also worth mentioning that on integrating (43) , it is usual to introduce another arbitrary function t b (r), known as the "bang-time" and interpreted as a Big-Bang singularity surface at which R vanishes, i.e. R(r,t b (r)) = 0. From our tetrad-based approach, however, we see that this condition corresponds simply to identifying the origin r = 0 of our 'physical' radial coordinate.
A. Application to Schwarzschild spacetime
As an illustration of the LTB model, and in particular to compare it with the tetrad-based approach, we now apply it to the same physical situation as we considered in Section II A, namely that of a matter source concentrated into a single point and a vanishing cosmological constant. As previously, for such a solution, ρ = p = 0 everywhere away from the point mass, and so (44) implies that M = constant. Once again, the remaining system of equations is under-determined, and so some gauge-fixing is required. First we must choose a form for the arbitrary function E(r). Similar to the approach adopted in Section II A, we may base our choice on some class of radially-moving test particle and, once again, the most natural choice is a radially free-falling particle released from rest at infinity. From the definition (41), we see that the choice of g 1 = 1 in our tetrad-based approach is equivalent to setting E(r) = 0, which corresponds to the particle having zero energy (after subtraction of its rest mass energy).
Thus, with M (r) = M (a constant) and E(r) = 0 (and Λ = 0), the LTB equation (43) reduces to
where we have taken the negative square root since the test particle is radially infalling. This equation may be immediately integrated to give
, where the "bang-time"t b (r) may be an arbitrary function ofr, but is usually chosen such that R(r,t b (r)) = 0, which in this case requirest b (r) =r. Thus, after this additional gauge-fixing, which was not required in the tetrad based approach, one has
where the second result is derived straightforwardly from (42) . Substituting these expressions into (29) with A = 1, one immediately obtains
which is the line-element for the Schwarzschild spacetime expressed in Lemaître coordinates [15] . This lineelement is regular for all values ofr, except atr −t = 0, which corresponds to the location of the point mass (i.e. at r = 0 in terms of the 'physical' radial coordinate used in Section II A). It is straightforward to show that radially free-falling test particles released from rest at infinity have fixed values ofr, θ and φ, which therefore constitute comoving coordinates for such particles. From (48) , one thus sees thatt does indeed coincide, by construction, with the proper time of such particles.
It is interesting that, although the tetrad-based approach and the LTB model both employ synchronous time coordinates and are based on the trajectories of radially infalling particles released from rest at infinity, the two methods naturally lead to the very different lineelements (12) and (48) . This occurs because of the use of a 'physical' radial coordinate in the former, whereas the latter employs a comoving radial coordinate, and also the requirement that the LTB line-element be diagonal. In the authors' opinion, the former line-element, expressed in Painlevé-Gullstrand coordinates, is the more easily interpreted physically.
B. Application to FRW spacetime
As an second illustration of the LTB model, we now apply it to the special case of a homogeneous and isotropic spacetime, as considered in Section II B using the tetradbased approach. As before, this corresponds to setting ρ to be a function oft only, but for the LTB model we are limited to considering only pressureless fluids and so p = 0. In contrast to the tetrad-based approach, one must begin by making a gauge choice for the form for M (r). This is most naturally achieved by introducing the scale factor S(t) at the outset, such that
3 , where ρ 0 ≡ ρ(t 0 ) and S 0 ≡ S(t 0 ) are defined at some cosmic timet =t 0 , usually taken in cosmology to be the current epoch. Keeping in mind the physical interpretation of M (r), it is then simplest to assume the form M (r) = 3 . It then remains to make a further gauge choice for the form of E(r). Despite its physical interpretation as the total (non-relativistic) energy per unit rest mass of a fluid particle with comoving radial coordinater, it is not immediately clear how to assign it a functional form. Nonetheless, the form of g 1 obtained in the tetrad based approach in Section II B suggests setting E(r) = − 1 2 kr 2 , where k is a constant, which one might be persuaded post-hoc is consistent with the above physical interpretation.
Thus, with M (r) = 
and the corresponding line-element (29) (with A = 1) takes the usual FRW form
Moreover, the remaining LTB equations (43) and (45) then yield the standard Friedmann equation and cosmological continuity equation, respectively, namely
where we have defined the Hubble parameter H(t) ≡ ∂tS(t)/S(t). These two equations can be combined to yield the standard 'acceleration' cosmological field equation for zero pressure, if desired. Thus, we see that the LTB model has led us directly to working in terms of the scale factor, in contrast to the tetrad-based approach used in Section II B, which led naturally to the Hubble parameter, which is a directly measurable quantity. Again, this difference results from the use of a comoving radial coordinate in the LTB model and the assumption of a diagonal metric, as compared to using a 'physical' radial coordinate in the tetrad-based approach and making no such restriction on the form of the metric. Moreover, considerable gauge-fixing was required in the LTB model to obtain a definite form for the solution, whereas this was unnecessary in the tetradbased approach.
IV. GENERALISED SWISS CHEESE MODEL
We now apply our tetrad-based approach to a generalised form of the Swiss cheese model. In its classic form, the Swiss cheese model consists of an exterior expanding FRW universe, albeit pressureless, in which a uniform pressureless spherical object is embedded and surrounded by a 'compensating void' that itself expands into the background and ensures that there is no net gravitational effect on the exterior universe. Such models were employed in some of the earliest attempts to describe non-linear cosmological inhomogeneities [42, 43] , since they have the advantage that analytical calculations can be performed, and compensation ensures observations in the exterior region can be modelled unambiguously. Nonetheless, the matter and velocity distributions are clearly unrealistic.
As mentioned in the Introduction, more realistic models can be constructed by working with continuous density and velocity profiles, while still restricting to spherical symmetry and ignoring pressure. Previous work using LTB models [44, 45] has usually ignored compensation, and this can lead to subtleties in modelling observations in the exterior region, since it is not described by a homogeneous FRW cosmology. Constructing compensated models can be difficult, however, since the initial density and velocity profiles must be carefully chosen so that streamline crossing is avoided. Otherwise, shock fronts form and one must include pressure to produce a realistic model. For example, if one perturbs just the density profile without perturbing the velocity profile, then streamline crossing is inevitable in any compensated model other than those of Swiss cheese type (where the problem would occur only in the vacuum region). In [33, 34] , we therefore presented a family of continuous initial density and velocity profiles, described by polynomials in radius, that avoid the problem of streamline crossing in a very simple manner, while keeping the density profile compensated and realistic, and which are consistent with having grown from primordial fluctuations in the very early universe. The evolution of the resulting spatially-finite inhomogeneity was then determined in the absence of pressure using our tetrad-based method.
In this Section, however, our primary focus is not the
He(t) FIG. 1 . Generalised Swiss cheese model: a spherical interior region of uniform density ρi(t) and radius a(t) is surrounded by a vacuum region of radius b(t), which itself resides in an exterior region with uniform density ρe(t). The rates of expansion of the interior, vacuum and exterior regions are characterized by the 'Hubble parameters' Hi(t), Hv(t) and He(t), respectively. In general, the fluid can support pressure and the interior region need not be compensated.
modelling of realistic cosmological inhomogeneities or the prediction of observational effects in the exterior region. Rather, we wish merely to extend the analysis presented in [32] (hereinafter NLH3) by applying our tetrad-based method to a generalised form of Swiss cheese model, in which we allow the fluid in the interior and exterior regions to support pressure, in general, and do not demand that the interior region be compensated. Aside from intellectual curiosity, the motivations for this study are two-fold: we first wish to verify that Birkhoff's theorem holds in the vacuum region, the usual interpretation of which has recently been brought into question for related systems [35] ; and, second, we wish to consider the validity of the theoretical arguments that underpin the R h = ct cosmological model [36, 46, 47] , which has recently received considerable attention [48] [49] [50] . These investigations are presented, respectively, in Sections V and VI below.
A. Model specification
The generalised Swiss cheese model is illustrated in Fig. 1 and consists of a spherical interior region of uniform density ρ i (t) and radius a(t) surrounded by a vacuum region of radius b(t), which itself resides in an exterior region with uniform density ρ e (t). The rates of expansion of the interior, vacuum and exterior regions are characterized by the 'Hubble parameters' H i (t), H v (t) and H e (t), respectively (the definition of H v (t) is discussed below). In general, the interior region need not be compensated and the fluid in both the interior and exterior regions can support pressure.
From
where M 0 is a constant and m(t) = M 0 − 4 3 πρ e (t)b(t) 3 is the mass contained within b(t) at time t, in excess of that which would be present due to the exterior background alone. For a compensated interior region, one thus has m(t) ≡ 0. We note that the system considered in NLH3 corresponds to setting b(t) = a(t), so that there is no vacuum region.
As will we show below, in the general case where the fluid supports pressure, to determine the dynamical evolution of the system completely one must specify the internal and external Hubble parameters H i (t) and H e (t), together with the evolution a(t) and b(t) of the two boundaries (and the density ρ * ≡ ρ i (t * ) of the interior region at some reference time t = t * ). Typically, one should take H e (t) to correspond to some expanding exterior universe of interest, but H i (t), a(t) and b(t) can, in principle, have any form.
3 This follows both from the presence of the vacuum region and from allowing the relationship between the fluid pressure and density to be arbitrary, since then the interplay between pressure and gravity may allow expansion or contraction of the interior and vacuum regions at any rate. This freedom would disappear, however, if one imposed an equation of state on the fluid. In particular, in the special case of a pressureless fluid, a(t) is straightforwardly determined from H i (t) (and the radius a * ≡ a(t * ) at some reference time t = t * ).
Following our approach in NLH3, in the interior and exterior regions, we assume a single 'phenomenological' fluid. This avoids the complexity of an explicit multifluid treatment, whereby one would separate the fluid in each region into its baryonic and dark matter components. In particular, in each region we assume a single overall (uniform) fluid density and a single associated (effective) pressure. It is envisaged that the pressure comprises the ordinary gas pressure due to baryonic matter, and an effective pressure from the dark matter that arises from the motions of dark matter particles having undergone phase-mixing and relaxation (see [51] and [52] ).
B. Boundary conditions
Any spatial surface at which the density is discontinuous, and which may in general be moving, will trace out a 3-dimensional (timelike) hypersurface Σ in spacetime on which the solution must satisfy the Israel junction conditions [53, 54] . Ifn µ are the covariant components of the unit (spacelike) normal to Σ, pointing from the inside to the outside, then the Israel junction conditions require continuity both of the induced metric h µν = g µν +n µnµ and the extrinsic curvature K αβ = h α µ h β ν ∇ µnν on Σ. For the model illustrated in Fig. 1 , two such hypersurfaces are defined by Σ(t, r) ≡ r − x(t) = 0, where x(t) can equal either a(t) or b(t). As discussed in [32] , the componentsn µ are given by
where ∂ t x ≡ dx(t)/dt; one may readily verify that n µn µ = −1, as required. One sees immediately that, for the induced metric to be continuous across the boundary x(t), one requires all three non-zero tetrad components f 1 , g 1 and g 2 to be continuous there.
Recalling that g 2 is the rate of change of the r coordinate of a fluid particle with respect to its proper time, and can thus be considered as the fluid velocity, the physical interpretation of the continuity of g 2 is that matter does not cross the boundary x(t) in either direction. This is consistent with the boundary x(t) comoving with the fluid, so that the situation depicted in Fig. 1 does indeed hold at all times. It does not imply, however, that M (x(t), t) is constant, since this quantity denotes the total energy within x(t), which may change as x(t) evolves, as is clear from the L t M and L r M equations in (6) . Moreover, since L t corresponds to the derivative with respect to the proper time of an observer comoving with the fluid, then one requires
where L t is evaluated at the boundary x(t). Thus, on the hypersurface Σ, one has dx(t)/dt = g 2 /f 1 and the expression (54) simplifies to
After a long but straightforward calculation, one then finds that the only non-zero components of the extrinsic curvature of Σ are
Since the first Israel junction condition requires f 1 , g 1 and g 2 all to be continuous at the boundary x(t), then the second junction condition requires only that, in addition, ∂ r f 1 is continuous there. The above junction conditions have consequences for the continuity of other variables of interest. In particular, from the L r f 1 equation in (5), one has G = −(g 1 /f 1 )∂ r f 1 , which must therefore also be continuous at the boundary. Moreover, the L r p equation in (6) and the continuity of g 1 and G imply that the pressure p is also continuous across the boundary, although its radial derivative, in general, has a step there.
Finally, we also adopt the boundary condition at large r that all physical quantities tend to those of the exterior cosmology. For spatially-flat and open universes, this corresponds to the limit r → ∞, whereas for a closed universe one must instead consider the limit x(t) ≪ r < S(t), where S(t) is the universal scale factor which also corresponds to the curvature scale for a closed universe. In each case, we require the line-element (3) to tend at large r to the corresponding FRW line-element (25) with H(t) = H e (t). Thus, for large r, one requires
. (58) C. Interior and exterior regions From (53), one sees that the forms for M in the interior and exterior regions are the same as the model considered in NLH3, albeit with a different definition of m(t). Moreover, the same boundary conditions (58) apply at large r. Therefore, many of the equations derived in NLH3 remain valid.
Specifically, in the interior region, the non-zero tetrad components are again given by
where, following NLH3, a prime denotes differentiation with respect to t. In order to evaluate the above expressions for f 1,i and g 1,i , one requires forms for ρ i (t) and p i . Substituting the above expression for the fluid velocity g 2,i and the enclosed mass M = 4π 3 ρ i (t)r 3 from (53) into the generalised Oppenheimer-Volkov equation (9) , and integrating, will yield an (integral) expression for p i in terms of H i (t) and ρ i (t), after imposing the condition that the pressure is continuous across the boundary a(t) and hence vanishes there. Thus, it only remains to determine ρ i (t), which is straightforwardly obtained for a given boundary evolution a(t) by recalling that M 0 ≡ 4π 3 ρ i (t)a 3 (t) is a constant. In the special case of a pressureless fluid, it is worth noting that one immediately has f 1,i = 1 and so (59) can be integrated to obtain ρ i (t), which then determines a(t). For the exterior region, the non-zero tetrad elements are given by
g 2,e = rH e (t) + 3m
.
In order to evaluate the above expressions, one requires forms for p e , ρ e (t) and b(t). Substituting the expressions for M and g 2,e into the generalised Oppenheimer-Volkov equation (9), integrating and imposing the condition that the pressure is continuous across the boundary b(t) and hence vanishes there, will yield an (integral) expression for p e in terms of ρ e (t), H e (t), b(t) and the (in general) time-dependent uniform fluid pressure p ∞ (t) at large r corresponding to the external cosmological model. One is free to specify H e (t), b(t) and p ∞ (t), and the function ρ e (t) may be determined from the following equations from NLH3 which remain valid in the exterior region:
We recognise (65) and (66) as the standard cosmological fluid evolution equation and the Friedmann equation, respectively. Moreover, as in NLH3, these can be combined in the usual manner to yield the dynamical cosmological field equation
which thus provides an expression for ρ e (t) in terms of H e (t) and p ∞ (t). We are free to choose the boundary evolution b(t), and it is most convenient to do this by defining the 'vacuum Hubble parameter' H v (t), such that
Equating the above expression with (64) evaluated on the boundary b(t), one obtains
This then allows one to write (64) in the elegant form
In a similar manner, one may write the expression (63) as
where we have momentarily suppressed t-dependencies for brevity. It is worth noting that, for the special case of a pressureless fluid, one immediately has p e = 0 and f 1,e = 1, so (69) becomes simply b
D. Vacuum region
In the vacuum region, one has ρ = p = 0 and so L r M = 0 and L t M = 0, which together imply M is a constant, which we have denoted by M 0 . As we found in our discussion of the Schwarzschild spacetime in Section II A, in a vacuum region the system of equations (5)- (7) reduces just to the relationships (5) between the tetrad and spin-connection components and the definition of M (= M 0 ) in (7), from which one finds that the quantity
is a function of r only. No further equations yield new information, and one thus has an under-determined system of equations that requires additional gauge-fixing to determine an explicit solution. This occurs because in a vacuum region one clearly cannot choose the timelike unit Lorentz frame vector at each point to coincide with the fluid four-velocity at that point. As we did for the Schwarzschild spacetime, however, one may instead choose the timelike unit frame vector to coincide with the four-velocity u of some radiallymoving test particle (which need not necessarily be in free-fall), so that its components in the tetrad frame are [û a ] = [1, 0, 0, 0] and hence in the coordinate basis one has
, as previously. Moreover, this ensures that our previous physical interpretations of the tetrad and spin-connection components still hold.
Unlike in the Schwarzschild spacetime, however, there is no simplest or most natural choice for the class of radially-moving test particle to use. All one requires is that the boundary conditions discussed in Section IV B hold at each boundary a(t) and b(t). It is most convenient to begin by choosing g 2,v = v(r, t), where v may be an arbitrary function satisfying the boundary conditions v(a(t), t) = g 2,i (a(t), t) = a(t)H i (t) and v(b(t), t) = g 2,e (b(t), t) = b(t)H v (t). Then g 1,v is easily found from (72) and is also continuous at both boundaries. Finally, eliminating G between the L r f 1 and L t g 1 equations in (5) gives the general relation
and using (72) to substitute for g 1 , one then finds
which may be straightforwardly solved for f 1,v . Gathering these results together, in the vacuum region one thus has
Let is first consider the general case in which the fluid in the interior and exterior regions supports pressure. Suppose one specifies the form for v(r, t * ) at some time t * . One can then see from (74) that one also requires the profile f 1,v (r, t * ) in order to evolve v in time. Thus, both v(r, t * ) and f 1,v (r, t * ) need to be specified to determine the system. One should note, however, that there is no equation determining the time evolution of f 1,v ; hence f 1,v is free to take any value on any time slice, provided it satisfies the boundary conditions that both f 1 and ∂ r f 1 are continuous at each boundary, as shown in Section IV B. Then the time evolution of v is determined.
The situation is somewhat simpler for the case in which the fluid in the interior and exterior regions is pressureless, since one may take f 1 = 1 everywhere and at all times. Hence, if one specifies the form for v(r, t * ) at some time t * , one can use (74) to evolve v in time [33] . In this case, (74) becomes
which may also be derived directly by substituting the definition of M in (7) into L t M = 0.
In either case, with or without pressure, the exact choice of the initial profile v(r, t * ) or f 1,v in the vacuum region has no physical effects on, for instance, the total redshift of a photon passing through the inhomogeneity [33] , showing that the ambiguity in these functions is a gauge freedom and hence has no physical consequences.
V. BIRKHOFF'S THEOREM
One of our motivations for considering the generalised Swiss cheese model is to verify that Birkhoff's theorem holds in the vacuum region, despite having time-evolving interior and exterior regions. Although its usual interpretation has recently been brought into question for physical systems of this type [35] , we first demonstrate that Birkhoff's theorem does indeed hold using a traditional wholly metric-based approach, and then proceed to show that it also holds directly at the level of the tetrad components. In particular, we note that the considerations in this Section do not depend on the radial distribution of matter in the interior or exterior regions or its state of motion, provided spherical symmetry holds.
A. Metric-based approach
Our aim is to show that one may perform a transformation to new coordinatest andr that brings the line-element in the vacuum region into the standard Schwarzschild-de-Sitter form
(77) It is most instructive to begin by considering the general form (3) of the line-element given in terms of the tetrad components. Since the angular part of (3) already has same form as in (77), this suggests that one should consider a coordinate transformation of the form
which is, in some sense, complementary to the coordinate transformation (30) considered previously. By analogy with our earlier discussion, however, although the radial coordinates coincide, we still label the new one asr, since the partial derivatives ∂/∂r and ∂/∂r will, in general, be different.
It is straightforward to show that if the coordinate transformation (78) satisfies the conditions
then the line-element (3) takes the diagonal form
In order for such a transformation to be possible, however, one requires the derivatives (79) to be consistent, i.e. they must satisfy ∂ 2 t/∂t ∂r = ∂ 2 t/∂r ∂t. Writing
and using the general relation (73), one finds that the derivatives are consistent only in the case where g
is a function of r alone. As shown in (72), this requirement is satisfied in the vacuum region and, moreover, the resulting line-element (80) then indeed takes the Schwarzschild-de-Sitter form (77), hence verifying Birkhoff's theorem.
B. Tetrad-based approach
When working at the level of the metric, one is insensitive to rotations of the local Lorentz frames. Indeed, although the coordinate transformation (78)-(79) brings the line-element into the Schwarzschild-de-Sitter form (77) in the vacuum region, the corresponding tetrad components are not of the standard 'diagonal' form (14) (together with the Newtonian gauge condition f 2 = 0 and after the inclusion of obvious additional terms resulting from a non-zero cosmological constant Λ).
Indeed, since the tetrad components transform as e µ a = (∂x µ /∂x ν )e a ν under a general coordinate transformation, it is straightforward to show that
so that the new tetrad components do not even satisfy the Newtonian gauge conditionf 2 = 0. Nonetheless, the tetrad components can be transformed into the standard diagonal Schwarzschild form (14) by performing a (temporally-and radially-dependent) rotation of the local Lorentz frames, which automatically leaves the metric unchanged. Under such a transformation, the tetrad components becomeē a µ = Λ a bē µ b , where
and ψ denotes the rapidity of the radial boost at each event. Thus, one finds
Hence, by choosing the rapidity ψ at each event such that g 1 sinh ψ + g 2 cosh ψ = 0, one immediately ensures that f 2 =ḡ 2 = 0. Since cosh 2 ψ − sinh 2 ψ = 1, the required rapidity is given by sinh ψ = ±g 2 / g 2 1 − g 2 2 . Therefore, one further obtains
where
is given by (72), and thus we recover the standard diagonal form of the tetrad for the Schwarzschild solution. Finally, it is worth noting that the speed of the boost in the radial direction is given at each point by tanh ψ = −g 2 /g 1 .
C. Comparison with previous work
The validity of Birkhoff's theorem, or at least its usual interpretation, has recently been brought into question by [35] . To be clear, Birkhoff's theorem states that there exist coordinates for which the metric in a vacuum region surrounding any spherically-symmetric matter distribution takes the standard Schwarzschild (de-Sitter) form with parameter M 0 equal to the enclosed interior mass, even when the vacuum region is itself embedded in an exterior spherically-symmetric matter distribution. Indeed, we have just verified this in the previous Section, and shown further that the theorem also holds directly at the level of the tetrad components. An immediate corollary of Birkhoff's theorem is that, if the enclosed mass M 0 = 0, there exist coordinates for which the metric in the vacuum region takes the standard Minkowski (de-Sitter) form.
As pointed out by [35] , however, a common misinterpretation of Birkhoff's theorem is that the gravitational field anywhere inside a spherically-symmetric matter distribution is determined only by the enclosed mass. While this is true in Newtonian gravity, it does not hold in general relativity. This point is illustrated in [35] by considering the metric corresponding to a static thin spherical shell of mass m s and coordinate radius r = r s surrounding a spherical central object of mass m i centered on the origin. Since some aspects of the original calculation are unclear, we briefly re-examine this scenario here, in which the cosmological constant is assumed to vanish.
Following [35] , we begin by assuming a static, diagonal line-element of the form
where the functions A(r) and B(r) are arbitrary (note that our definitions of A and B are swapped relative to the line-element used in [35] ). The thin spherical shell is modelled by the artifice of first considering a shell of finite thickness with mass density ρ(r), supporting tangential pressure p(r) but no radial pressure component.
Although not discussed by [35] , it is only by assuming the shell is comprised of such a peculiar 'fluid', with zero radial stress but non-zero compressive stress in the tangential directions, that a static system is possible. In particular, if the radial stress did not vanish, then it would be necessary to match it to zero at the boundaries with the interior and exterior vacua. Nonetheless, proceeding with the above model, the components of the energy-momentum tensor within the shell are [T µν ] = diag(ρA, 0, pr 2 , pr 2 sin 2 θ), and the equations of motion yield
where M (r) = r 0 4πr 2 ρ(r) dr is the total mass enclosed within coordinate radius r. In particular, in vacuum regions, where ρ(r) = 0 and M (r) = constant, the equation (87) may be integrated immediately to give
where C is a constant. Thus, coupled with the expression (88) for B, one sees that the metric in vacuum regions is of Schwarzschild form, but with a time coordinate rescaled by a constant factor √ C as compared to the proper time of a stationary observer at infinity.
The constant C must be determined by applying the appropriate boundary conditions in the presence of the thin spherical shell lying between the origin and infinity. In this case, ρ(r) has a δ-function at r = r s (corresponding to an infinitesimally thin shell). Thus, at this radius, M has a step and equations (87)- (89) show that p has a δ-function and B and dA/dr have a step. The last condition means that A must be continuous at r = r s . Thus, since we require A → 1 at infinity, the appropriate constant C to use in the vacuum region interior to the shell must satisfy
and so, in this region, the line-element is
(92) The form of the line-element, in particular the rate at which clocks run, in the vacuum region interior to the shell thus depends on both the mass m s and location r s of the shell, i.e. the gravitational field in this region depends on the matter distribution external to it. This is unsurprising, of course, since the presence of the shell puts the interior vacuum region into a deeper potential well with respect to infinity than would be the case without the shell. Thus, one would expect clocks to run more slowly in this region with the shell place than without it. The same is clearly true if one considers a hollow cavity by setting m i = 0, although the spacetime inside the cavity is then Minkowski rather than Schwarzschild. Clearly, these considerations do not contradict Birkhoff's theorem or its corollary, however, since one can perform a simple constant rescaling of the time coordinate to recover the Schwarzschild line-element. Nonetheless, as pointed out by [35] , it would be incorrect to perform such a rescaling, or equivalently set C = 1 in the interior vacuum region, while leaving the line-element outside the shell unchanged, since this would lead to an unphysical discontinuity the time coordinate, and hence A(r), across the shell. It is unclear, however, whether any of the works criticised in [35] ever advocate carrying out this erroneous procedure.
A further example of the gravitational field at some radius in a spherically-symmetric matter distribution being determined by material external to that radius is provided by the system analysed in [32] . As mentioned previously, this system corresponds to setting b(t) = a(t) in the generalised Swiss cheese model discussed in Section IV, so that there is no vacuum region. In [32] , this system is analysed separately using Newtonian gravity and general relativity. The former case, the Newtonian gravitational potential in the interior region is found to be independent of the properties of the exterior region, whereas the general-relativistic calculation shows that some of the tetrad components, and hence metric elements, in the interior do depend on the properties of the exterior region, such as its density ρ e (t) and Hubble parameter H e (t).
The current standard model of cosmology is based on the ΛCDM model, which provides a good fit to a wide range of cosmological observations. As pointed out by [55] , however, for the best-fit ΛCDM model, the presentday Hubble distance is broadly consistent with ct 0 to within observational uncertainties, where t 0 is the current cosmic epoch. This suggests that the universe has expanded by an amount similar to what would have occurred had the expansion rate been constant. In the ΛCDM model, this correspondence is a peculiar coincidence, particularly since this situation should occur only once in the history of the universe; that we observe it to hold at the present epoch is thus intriguing.
It was therefore proposed by [36, 46, 47] that this correspondence is not coincidental, but should be satisfied at all cosmic times t. The resulting cosmological model, known as the 'R h = ct' model, has received considerable attention over the last few years, since it has been claimed to be favoured over the standard ΛCDM (and its variant wCDM with w = −1) by most observational data [56] [57] [58] [59] [60] [61] .
These claims have, however, recently been brought into question. For example, the R h = ct model requires the deceleration parameter q(z) = 0 at all redshifts, but it is pointed out in [62] that recent supernovae and baryon acoustic oscillations observations rule out q 0 = 0 at high significance. Moreover, the most recent observations of CMB anisotropies by the Planck mission suggest that the primary motivation for the R h = ct model, namely that the age of the universe is 1/H 0 , can be ruled out at greater than the 99 per cent confidence level, with the data favouring R h = (1.05 ± 0.02) ct at the current epoch [63] . Finally, as we show below, in the spatially-flat Λ = 0 FRW spacetime assumed in the R h = ct model, the comoving Hubble radius is constant in time. This contradicts the basic picture of perturbation generation and evolution according to inflationary cosmological models, in which the comoving Hubble radius decreases during inflation and then increases again afterwards. This enables the generation of 'superhorizon' modes that later re-enter the Hubble radius coherently as it grows. This leads in turn to the characteristic acoustic peak structure observed in the power spectrum of CMB anisotropies and to baryon acoustic oscillations; these well-established phenomena would be very difficult to explain if the comoving Hubble radius were constant. In addition to observational objections, the validity of the physical argument underlying the R h = ct model has also been criticised by a number of authors [48] [49] [50] 64] . These and other criticisms are claimed to have been addressed by [65, 66] (see also [67] and references therein), but these responses often merely restate the original claims for the theory and do not address many of the specific concerns raised. Having examined sphericallysymmetric solutions in general relativity in previous sections, including cosmological solutions, we take the opportunity here to re-evaluate the theoretical arguments originally used to arrive at the R h = ct model.
In [36, 46, 47] , one is first invited to imagine precisely the system illustrated in Figure 1 , namely the generalised Swiss cheese model, with an observer located at the origin and assuming Λ = 0. By appealing to Birkhoff's theorem and its corollary, it is then pointed out correctly that the metric in the vacuum region may be written in the standard Schwarzschild form. It is further claimed, however, that the matter distribution in the exterior region therefore has no dynamical influence on the region contained within it. As outlined in Section V C, this does not necessarily hold in general relativity.
Nonetheless, this issue is not relevant to Melia's subsequent argument, since it later transpires that his appeal to Birkhoff's theorem is merely to justify that, in a standard homogeneous and isotropic cosmological model, one may determine the motion of a fluid particle at some coordinate radius r relative to an arbitrary origin by ignoring the gravitational effect of the fluid lying outside that radius, which does hold in this particular case. Thus, the scenario Melia considers is the standard homogeneous and isotropic cosmological model, and not the generalised Swiss cheese model illustrated in Figure 1 that we are first invited to imagine. Indeed, it is clear that the latter is not a viable cosmological model in general. Aside from being inhomogeneous overall, the requirement that the pressure be continuous across the boundaries means that, even if one assumes that each non-vacuum region is homogeneous (i.e. with uniform density and pressure), they cannot be matched on the vacuum region unless the pressure vanishes everywhere; thus one could consider only dust models of this type.
Melia's main proposal begins with the introduction of the 'gravitational radius' R h (t), which is defined by the requirement that
where, as previously, we adopt natural units c = G = 1 and M (r, t) = 4 3 πρ(t)r 3 is the mass-energy contained with a sphere of physical radius r at time t. Indeed, substituting this form for M (r, t) into (93), one immediately finds that 1/R 2 h (t) = 8 3 πρ(t). The key point in Melia's argument is the assertion that, in order to satisfy Weyl's postulate, the comoving gravitational radiuŝ r h (t) ≡ R H (t)/S(t) should be independent of t, where S(t) is the scale factor defined in Section II B. In other words, each fluid particle has a fixed value ofr h . Then, following Melia's assumption that k = 0 = Λ, the standard Friedmann equation (22) immediately allows one to make the identification R h (t) = 1/H(t), which is the Hubble radius. Since H(t) = ∂ t S(t)/S(t), the comoving gravitational (Hubble) radius in this case is given byr
The requirement thatr h (t) is constant therefore implies S(t) ∝ t and so R h (t) = 1/H(t) = t or, on momentarily abandoning natural units, one obtains the eponymous R h (t) = ct. It is worth noting that substituting H(t) = 1/t into the dynamical cosmological field equation (23) yields Melia's so-called 'zero active mass' condition ρ + 3p = 0, which is equivalent to demanding that the overall cosmological fluid has the equation-of-state parameter w = − 1 3 at all epochs. The argument given in [36] for supposing thatr H (t) = constant is that, according to Weyl's postulate, any proper distance in an FRW spacetime must be the product of the scale factor S(t) and some fixed co-moving radial coordinate, and that the definition of R h (t) as a gravitational radius in (93) implies that it must be a proper distance. No real justification is given for this latter assertion. Indeed, we show in Section VII below that the definition (93) does not, in fact, imply that R h (t) is a proper distance and hence one does not requirê r h (t) = constant. Nonetheless, in trying to understand the motivation for Melia's original assertion, it is worth noting that such a conclusion might be reached from the following erroneous line of reasoning, which, although not TABLE I. Evolution of the comoving radius a(t), its velocityȧ(t), the mass-energy M (t) enclosed within a(t), the Schwarzschild radius (or radii) RS(t) defined in (95) and the Hubble radius RH(t) ≡ 1/H(t) for a selection of analytical spatially-flat (k = 0) expanding cosmological models, with cosmological constant Λ and fluid equation-of-state parameter w, whose evolution is determined by the Hubble parameter H(t). The values of w considered correspond to dust (w = 0), radiation (w = H(t)
articulated as such in [36] , has some resonances with the discussion given there. In a homogeneous and isotropic model, consider a fluid particle located at a distance R h (t * ) from an arbitrary origin at some cosmic time t = t * . The definition (93) implies that R h (t * ) is equal to the Schwarzschild radius of the mass of fluid contained with the radius R h (t * ). Invoking (the corollary of) Birkhoff's theorem, the fluid external to this radius has no gravitational effect on the motion of the particle. Thus, as the universe evolves, one might suspect that it is impossible for the fluid particle to move to a radius larger than R h (t * ), since to do so would require it to escape the Schwarzschild horizon. Conversely, if the particle were to move to a radius smaller than R h (t * ), then the original mass of fluid would be wholly contained within its Schwarzschild radius. Invoking (the corollary of) Birkhoff's theorem once again, one might suspect that the fluid would therefore inevitably undergo gravitational collapse. To avoid these two scenarios, one could thus be led to suppose that R h (t) ∝ S(t) and hencer h (t) = constant.
In the next Section, we show that the requirement r h (t) = constant does not follow from the definition (93) and that the two scenarios outlined above are not a cause for concern. In doing so, our investigations below also elucidate the behaviour of a number of 'horizons' during the general-relativistic evolution of a sphericallysymmetric self-gravitating matter distribution; although straightforward and interesting, this behaviour does not appear to have been widely discussed in the literature.
Before moving on, however, we note that Melia has recently presented a new and more explicit theoretical argument for the R h = ct model [68] , in which he claims that its central feature of requiring zero active mass ρ + 3p = 0 at all epochs is a consequence of the symmetries of the FRW spacetime. In particular, it is claimed that assuming the general, spherically-symmetric (but radially varying) metric, solving the Einstein field equations, and then imposing homogeneity and isotropy yields an extra condition, namely vanishing active mass, which is lost if one adopts the usual procedure of first imposing the conditions of homogeneity and isotropy on the metric and then solving the Einstein equations. This claim is shown to be false in [69] , where it is demonstrated that it originates from an obvious flaw in the logic of Melia's argument. This is contested by Melia in [70] , although this response largely just restates the original argument in [68] and does not address the specific concerns raised in [69] . We simply note here that in Sections II B and III B, we have carried out the process of imposing homogeneity and isotropy on the solutions of the Einstein field equations for a general, spherically-symmetric system, obtained using our tetrad-based approach and the LTB model, respectively. In both cases, we arrive at the standard FRW metric and the usual cosmological field equations, without encountering any requirement for vanishing active mass.
VII. EVOLUTION OF HORIZONS
In a homogeneous and isotropic cosmological model, let us consider an imaginary spherical boundary of radius a(t) that is comoving with the fluid and centred on some arbitrary origin. From the discussion in Section IV, the equation of motion for a(t) is L t a(t) =ȧ = H(t)a(t) (since f 1 = 1 in this case), where H(t) is the Hubble parameter characterising the evolution of the fluid. If M (t) denotes the mass-energy contained within this sphere, we define the corresponding Schwarzschild radius R S (t) as the solution of
which clearly reduces to R S (t) ≡ 2M (t) if Λ = 0. We also define the Hubble radius R H (t) ≡ 1/H(t); note that this coincides with Melia's gravitational radius R h (t) in the case k = 0 = Λ, but differs from it in more general cosmological models (although such models were not considered by Melia). We now consider the behaviour of a(t), R S (t) and R H (t) for a selection of analytical spatially-flat (k = 0) expanding cosmological models, with cosmological constant Λ and fluid equation-of-state parameter w, whose evolution is determined by the Hubble parameter H(t). The results are presented in Table I . The values of w considered correspond to dust (w = 0), radiation (w = ). It is worth noting that it is only in the case w = 0 that the mass-energy M (t) contained within the comoving radius a(t) is constant; for other values of w the presence of nonzero pressure means that the fluid does work and hence M (t) changes with time.
For Λ = 0, the behaviour of the quantities listed in the table is shown in Figure 2 . For both the dust and radiation cases, one sees that a(t), R S (t) and R H (t) cross at a single point that we denote by t = t * , which coincides with the velocity of the fluid dropping toȧ(t) = 1 (or c in standard units). This behaviour is quite general and holds for any positive value of the parameter M 0 in Table I. Thus, the comoving radius a(t) initially lies outside the Hubble radius. Indeed, one may consider the superluminal fluid velocity during this initial period as being allowed by the 'superhorizon' (or, more correctly, superHubble-radius) nature of a(t). In any case, a(t) enters the Hubble radius R H (t) at precisely the same moment as it exits the Schwarzschild radius R S (t); it is allowed to do the latter, since the fluid at the boundary is moving at speed c at this instant. Thus, one has two 'horizon crossings' taking place simultaneously and in opposite directions, which is not usually pointed out in the literature. Moreover, one sees that there is no reason for the Hubble radius to be comoving, which contradicts the central assumption of the R h = ct model. It is also worth noting that in the case of dust, for which the pressure vanishes everywhere, one can consistently 'cut-off' the fluid at the boundary a(t), and thereby consider a finite fluid ball surrounded by vacuum; the results for this case are precisely those given above.
The bottom panel in Figure 2 shows the behaviour for the case w = − 1 3 , which corresponds to the zero active mass condition required by the R h = ct model. Clearly, in this case, the radii a(t), R S (t) and R H (t) all depend linearly on t. If one chooses M 0 = 1 8 , then one obtains the special case in which a(t) = R S (t) = R H (t) andȧ(t) = 1 at all times. When M 0 > 1 8 , one hasȧ(t) > 1 and a(t) lies inside the Schwarzschild radius and outside the Hubble radius at all times (this is illustrated in Figure 2 
, one hasȧ(t) < 1 and a(t) lies outside the Schwarzschild radius and in side the Hubble radius for all t.
The behaviour of the quantities listed in Table I for Λ = 0 are illustrated in Figure 3 . In both cases, the values of M 0 and Λ have been chosen so that, at least for some values of t, the condition 1 − 9M 2 (t) √ Λ > 0 is satisfied and hence there exist two positive solutions for R S (t), which correspond to the Schwarzschild radius and the de Sitter radius, respectively.
In the case of dust (top panel), the mass-energy M (t) enclosed within the spherical boundary a(t) is constant, as expected, and thus so too are the two solutions for R S (t). Remarkably, one again sees that each solution for R S (t) intersects with a(t) and R H (t) at a single point, and that at both these intersections one hasȧ(t) = 1. Thus, as in the case Λ = 0, the comoving radius a(t) initially lies outside the Hubble radius and enters it at precisely the same moment as it exits the Schwarzschild radius, at which point the fluid at the boundary a(t) is moving at speed c. In the presence of non-zero Λ, however, the boundary a(t) later exits the Hubble radius again, at precisely the same moment that it enters the de Sitter radius, at which point the fluid at the boundary is again moving with speed c. It is again worth noting in this dust case that the absence of pressure allows one consistently to 'cut-off' the fluid at the boundary a(t), and thereby consider a finite fluid ball surrounded by vacuum with Λ = 0, and obtain identical results.
The same generic behaviour to that outlined above is also seen for radiation in the bottom panel of Figure 3 . In this case, however, the non-zero pressure means that the fluid does work as it expands and so the mass-energy M (t) contained within a(t) decreases with time. Consequently, one initially has 1−9M 2 (t) √ Λ < 0 and hence no positive solution for R S (t). As M (t) decreases, however, one eventually has 1 − 9M 2 (t) √ Λ > 0 and so obtains two positive solutions for R S (t), which again correspond to the Schwarzschild and de Sitter radii, respectively.
VIII. DISCUSSION AND CONCLUSIONS
We have presented a comparison of our tetrad-based methodology for solving the Einstein field equations for spherically-symmetric systems with the traditional Lemaître-Tolman-Bondi (LTB) model. Although the LTB model is widely used, it has a number of limitations. In particular, in its usual form it is restricted to pressureless systems. Moreover, the LTB model is typically expressed in comoving coordinates and thus provides a Lagrangian picture of the fluid evolution that can be difficult to interpret. Perhaps most importantly, however, even in the absence of vacuum regions the LTB metric contains a residual gauge freedom that necessitates the imposition of arbitrary initial conditions to determine the system evolution. As a consequence, we have for some time adopted a different, tetrad-based method for solving the Einstein field equations for spherically-symmetric systems. The method was originally presented in [30] in the language of geometric algebra, and was recently re-expressed in the more traditional tetrad notation in [31, 32] . The advantages of the tetrad-based approach are that it can straightforwardly accommodate pressure, has no gauge ambiguities (except in vacuum regions) and is expressed in terms of a 'physical' (non-comoving) radial coordinate. As a result, in contrast to the LTB model, the method has a clear and intuitive physical interpretation. Indeed, the gauge choices employed result in equations that are essentially Newtonian in form.
In comparing our tetrad-based methodology with the LTB model, we have focussed particularly on the issues of gauge ambiguity and the use of comoving versus 'physical' coordinate systems. We have also clarified the correspondences, where they exist, between the two approaches. As an illustration, we applied both meth-ods to the classic examples of the Schwarzschild and Friedmann-Robertson-Walker (FRW) spacetimes. In the former, we demonstrate that although the tetradbased and LTB approaches both employ synchronous time coordinates and are based on trajectories of radiallyinfalling particles released from rest at infinity, the two methods lead to very different results corresponding to the use of Painlevé-Gullstrand and Lemaître coordinates, respectively. For the FRW spacetime, we find that the LTB approach leads one to work directly in terms of the scale factor, whereas the tetrad-based method leads naturally to a description in terms of the Hubble parameter, which is a measurable quantity. Moreover, considerable gauge-fixing was required in the LTB model to obtain a definite solution, but this was unnecessary in the tetradbased approach.
We have previously applied our tetrad-based method to modelling the evolution of a finite-size, compensated, spherically-symmetric object with continuous radial density and velocity profiles that is embedded in an expanding background universe, assuming zero pressure throughout [33, 34] . We have also previously used the approach to obtain solutions describing a point mass residing in an expanding universe containing a cosmological fluid with pressure [31] , and later a finite spherical region of uniform interior density embedded in a background of uniform exterior density, where the pressure may be nonzero in both regions [32] . To illustrate further the use of our tetrad-based approach, we here extended the analysis in [32] to a generalised form of 'Swiss cheese' model, which consists of an interior spherical region surrounded by a spherical shell of vacuum that is embedded in an exterior background universe. In general, we allow the fluid in the interior and exterior regions to support pressure, and we do not demand that the interior region be compensated. We find that much of the analysis in [32] , including the specification of boundary conditions, can be applied with little modification, but additional care is needed in determining the solution in the vacuum region, which requires some gauge-fixing, as might be expected.
We paid particular attention to the form of the solution in the vacuum region and verified the validity of Birkhoff's theorem, the usual interpretation of which has recently been brought in question [35] . We also showed that the theorem holds not only at the level of the metric, but also directly in terms of the tetrad components. We compared our findings with those in [35] and re-examined their model system of a static, thin spherical mass surrounding a central point mass positioned at the origin. In particular, we verified that the form of the line-element in the vacuum region interior to the shell depends on both the mass and location of the shell, although this is unsurprising given that the shell puts the interior vacuum region into a deeper potential well with respect to infinity than would be the case in its absence.
The above investigations allowed us to re-examine critically the original theoretical arguments set out in [36, 46, 47] for the so-called R h = ct cosmological model, which has recently received considerable attention. After pointing out a number of objections to the R h = ct based on recent observational data, we consider in particular the central assumption underlying the original theoretical argument for the model, namely that the comoving Hubble distance should be constant. We demonstrate that this is not required, and so find no reliable theoretical basis for the R h = ct model. These considerations in turn elucidated the behaviour of a number of 'horizons' during the general-relativistic evolution of homogeneous and isotropic cosmological models. In particular, we considered the evolution of an imaginary spherical boundary of radius a(t) that is comoving with the fluid and centred on some arbitrary origin. For a selection of analytical spatially-flat cosmological models, we compared a(t) to the Schwarzschild and Hubble radii. In the case of vanishing cosmological constant, we find the generic behaviour (both for dust and radiation models) that the comoving radius a(t) initially lies outside the Hubble radius, but eventually enters it at precisely the same moment as it exits the Schwarzschild radius; it is allowed to do the latter, since the fluid at the boundary is moving at speed c at this instant. Thus, one has two 'horizon crossings' taking place simultaneously and in opposite directions. In the case Λ = 0, one can obtain two positive solutions for R S (t), which correspond to the Schwarzschild radius and the de Sitter radius, respectively. One again finds that the comoving radius a(t) initially lies outside the Hubble radius and enters it at precisely the same moment as it exits the Schwarzschild radius, at which point the fluid at the boundary a(t) is moving at speed c. In the presence of non-zero Λ, however, the boundary a(t) later exits the Hubble radius again, at precisely the same moment that it enters the de Sitter radius, at which point the fluid at the boundary is again moving with speed c. This interesting behaviour is not usually pointed out in the literature.
